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W[λ, u](x, t) := W[λ(x, ·), u(x, ·)](t) :=
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g(r, ℘r[λ(x, ·), u(x, ·)](t)) dr. ()
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 D 
!
 DT 8 % 
   $2M 
   %  
  "
c∇× 
H = 4π 
J + ∂

D
∂t
,
c∇× 
E = −∂

B
∂t
,
% c    2 "    
 		8 
H    
  68 
D     
 2
 


B    
   
	 

0
!
  "  "
  8 σ    8 
 % 
 	
4 π | 
J| 
∣∣∣∣∣∂

D
∂t
∣∣∣∣∣  
 D ,
2    6 
g  
   2 
=
 % 
   2
 	

∂ 
D
∂t
 
 $2ME %J       
    	  	2 
   	 % %  E 
 >E
%8  
 ,	 	
  % 
4 π σ
∂ 
B
∂t
+ c2∇×∇× 
H = 4 π c σ∇× 
g  
 DT . (+)
    
  2 8 % "     - " 
 8 "
-2 ?D@
 
% 	       
   
   
 * 2 8 
Ω    
 " R2   	 (	 
  
 5 
  
 x, y, z )


H   2   z−-  
 
 2
 
   
 x, y,  

H = (0, 0, H(x, y)).
=

∇×∇× 
H = (0, 0,−x,yH)
(
x,y := ∂
2
∂x2
+
∂2
∂y2
)
. (+)
  	 

B = (0, 0, B(x, y)), ∇× 
g = (0, 0, f˜);

 ;	 
 (+)   	    ;	 

4πσ
c2
∂B
∂t
−x,yH = f := 4 π σ
c
f˜ . (++)
= 
 	  % %
 B 
 H %   
  
   N  
O  	   (F − L)|P   
 ?H8 2 10 11@8 %   
 
  
   " 
"
  

F : BF = HF + 4πM = (I +W)(HF ) ,
% M    
 A 
 
 W    <  28 
 " 
  
	 



L : HL = γ
∂BL
∂t
,
  	2  
 2 %    
 2
  

P : BP = μHP .
1
= 
   	 " 2 
    
 
  
BF = BL =: BFL , H = HF + HL = HP , B = BFL + BP ,
% B      
	 
 
 H     6 B
 
 V := BFL 8 %
 

H = γ
∂V
∂t
+ (I +W)−1(V ) , B = V + μH . (+0)
 	 %  (++) ⎧⎪⎪⎨
⎪⎪⎩
4 π σ
c2
∂
∂t
(V + μH)−x,yH = f ,
V = (I +W)
(
H − γ ∂V
∂t
)
,
(+1)
%    2  () = 8 %   
P	
 "   
	 
 
 L  

  8 2
       γ → 0 
  
	 
 


!
   
 ()  ()8  2  
 
   
 
  " 
 

 2
 	
  " K 2 A  Ω ⊂ RN 8 N ≥ 1 8  Q := Ω× (0, T ) 8 
 6-

  
    
6	 

λ ∈ L2(Ω; ΛK) "  K > 0 , (0)
% ΛK    
	  
 ()
K M(Ω; C0([0, T ]))   Q 2 " 
 	 "	
 
 Ω →
C0([0, T ]) 8    2 " "	
 
 v : Ω → C0([0, T ]) 	   -  
;	
 vn "  2 "	
 
 %  vn → v  
 C0([0, T ])   
 Ω 
 6-  

 bF > 0 
  
	  2 F : M(Ω; C0([0, T ])) →
M(Ω; C0([0, T ]))  
  "% 
 %
F(u)(x, t) := F(u(x, ·))(t) := bF u(x, t) +W[λ(x, ·), u(x, ·)](t); (0)
8 W     <  2 6
  
 (1) !
 
 %  (D)8 %

F(u)(x, 0) = bF u0(x) + Wλ(x,·)(u0(x)). (0+)
% =     F    
  
    
    K 2 A 
 
		
2  
 C0([0, T ])  K 	  G = F−1 
  LG   K 2 A 

 "
 2 G 
$   2 
 %  
	  2
G : M(Ω; C0([0, T ])) →M(Ω; C0([0, T ])) G := F −1. (00)
! 	
 	 
G(w)(x, t) = G(w(x, ·))(t) ∀w ∈M(Ω; C0([0, T ])). (01)
D
! "% " =   G   K 2 A 
 
		  
  "% 
 

||G(u1)(x, ·)− G(u2)(x, ·)||C0([0,T ]) ≤ LG ||u1(x, ·)− u2(x, ·)||C0([0,T ])
" 
 u1, u2 ∈M(Ω; C0([0, T ]))8   
 Ω.
* =  
    -  % 

 cF 
 CF 	 
cF
(
∂u
∂t
)2
≤ ∂F(u)
∂t
∂u
∂t
≤ CF
(
∂u
∂t
)2
  
 Q. (0D)
>
   
8 (0D) 
 
cG
(
∂w
∂t
)2
≤ ∂G(w)
∂t
∂w
∂t
≤ CG
(
∂w
∂t
)2
  
 Q 8 %  CG =
1
cF
, cG =
1
CF
. (0)
5
  
%  () %  
	 B   	
 
  
 
 
V := H10 (Ω)   6   - 
 
 	
 ;	
 	
  
	 (- 
 
 	
 ;	
)
 α, β, γ  
  
        	   

f ∈ L2(Q), u0 ∈ V, w0 ∈ L2(Ω)
  ()  	      
u(x, 0) = u0(x), w(x, 0) = w0(x), (0H)
	    
u ∈ H1(0, T ;L2(Ω)) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W 2,2(Ω)), w ∈ L2(Ω; C1([0, T ])).
 = 2"       
 % 2
•      	
  S   
 "  
  2



  2 2 x %  
  
 	   

γ
∂w
∂t
+ G(w) = u. (0)
=  
  %   %   "% 
 2. "   
 u ∈ C0([0, T ]) 8
6
 w ∈ C1([0, T ]) 	 ⎧⎨
⎩ γ
dw
dt
+ G(w) = u  
 [0, T ]8
w(0) = w0 .
(0)
58 	   K 2 A 
 
	  " G 8 2 (0)    	
 ;	 	 

w ∈ C1([0, T ]) "  u ∈ C0([0, T ])  !
   

8 % 
 6
  	 

2
S : C0([0, T ]) → C1([0, T ]) : u 
→ w.

K 	 % 
%  S   K 2 A 
 
		  
  
  % 2  
-   

 LS 	 
||S(u1)−S(u2)||C1([0,t]) ≤ LS ||u1−u2||C0([0,t]), ∀u1, u2 ∈ C0([0, t]), ∀ t ∈ [0, T ]. (0)
K 	 
  u1, u2 ∈ C0([0, T ]) 
  w1, w2 ∈ C1([0, T ])  	  wi = S(ui) 8
i = 1, 2  =  
     6-8   8 w1(0) = w2(0) = w
0
  
 t ∈ [0, T ] %
 ∣∣∣∣dw1dt (t)− dw2dt (t)
∣∣∣∣ ≤ 1γ |u1(t)− u2(t)|+ LGγ max0≤τ≤t |w1(τ)− w2(τ)|
≤ 1
γ
|u1(t)− u2(t)|+ LG
γ
∫ t
0
∣∣∣∣dw1dt − dw2dt
∣∣∣∣ (τ) dτ.
I
8  ,
%E 	
8∫ t
0
∣∣∣∣dw1dt − dw2dt
∣∣∣∣ (τ) dτ ≤ 1γ
∫ t
0
e
LG
γ
(t−τ) |u1(τ)− u2(τ)| dτ,
%    ∣∣∣∣dw1dt (t)− dw2dt (t)
∣∣∣∣ ≤ 1γ e
LG
γ
T ||u1 − u2||C0([0,t])
"  t ∈ [0, T ]  I
 (0)  %  LS =
(
1
γ
+
1
LG
)
e
LG
γ
T

   -
       2 2

 2⎧⎨
⎩ γ
∂w
∂t
+ G(w) = u
w(·, 0) = w0(·)
  
 Q, (0)
%   
 "	
 
 u ∈ L2(Ω; C0([0, T ])) 8 w0 ∈ L2(Ω)  !    "% "
(0)   	 
 22 

S¯ : L2(Ω; C0([0, T ])) → L2(Ω; C1([0, T ])) : u 
→ w (0+)
  %  (0)   % 6
 
 K 2 A 
 
		8 %  K 2 A 


LS 
     >	  2 
  % 
 
% 
∂
∂t
(αu + β S¯(u))−u = f (00)
%  u(·, 0) = u0(·) 
 
	 B   	
 
  
 = 	
 ;	
	 
 %   "	
   
 
 
 22 
 2 
 2
K 	 6- z ∈ H1(0, T ;L2(Ω)) J 
 z ∈ L2(Ω; C0([0, T ])) 
 " S¯(z)   % 
6
 
 
  L2(Ω; C1([0, T ]))  !
 " (00)8 % 
   ;	 

∂
∂t
(αu + β S¯(z))−u = f (01)
H
%    
 
 	   
  ;	 
 $ f ∈ L2(Q) 8   
  (01)
   	
 ;	 	 
 u ∈ H1(0, T ;L2(Ω)) ∩ L2(0, T ;W 2,2(Ω)) ∩ L∞(0, T ;V ) 
 
%  
	  
B˜ = {z ∈ H1(0, T ;L2(Ω)) : z(·, 0) = u0(·)}

  2
J˜ : B˜ → B˜ : z 
→ u,
%  %   z ∈ B˜    	 
 u ∈ B˜ " (01) !
   2
 J˜    
 
8 
  
% % 
 z1, z2 ∈ B˜ 8 
  u1 := J˜(z1),
u2 := J˜(z2). =
 % 
∂
∂t
(α (u1 − u2) + β (S¯(z1)− S¯(z2)))−(u1 − u2) = 0.
    ;	 
 
∂
∂t
(u1 − u2) 
  

α
∫
Ω
∣∣∣∣ ∂∂t(u1 − u2)
∣∣∣∣
2
(x, t) dx +
1
2
d
dt
∫
Ω
|∇(u1 − u2)|2(x, t) dx
≤ α
2
∫
Ω
∣∣∣∣ ∂∂t(u1 − u2)
∣∣∣∣
2
(x, t) dx +
L2S β
2
2α
∫
Ω
max
0≤τ≤t
|z1 − z2|2(x, τ) dx,
% LS    K 2 A 

 "  2 S¯. =   2  ∫
Ω
∣∣∣∣ ∂∂t(u1 − u2)
∣∣∣∣
2
(x, t) dx +
1
α
d
dt
∫
Ω
|∇(u1 − u2)|2(x, t) dx
≤ L
2
S β
2 t
α2
∫ t
0
∫
Ω
∣∣∣∣ ∂∂t(z1 − z2)
∣∣∣∣
2
(x, τ) dx dt.
(0D)
  θ :=
L2S β
2
α2

 %  
	  "% 
 ;	 
 
 
 H1(0, T ;L2(Ω))
|||η||| =
(
||η(0)||2L2(Ω) +
∫ T
0
e−θ t
2
∣∣∣∣
∣∣∣∣∂η∂t
∣∣∣∣
∣∣∣∣
2
L2(Ω)
(t) dt
)1/2
∀ η ∈ H1(0, T ;L2(Ω)).
!" 
% % 	 2 (0D)  e−θ t
2

  
  t ∈ (0, T ) 8 %  
 
|||u1 − u2||| ≤ 1
2
|||z1 − z2|||

 	 J˜    
 
 
   	 B˜ " H1(0, T ;L2(Ω)) 8 %   
 - 
 
 	
 ;	
 "  	 
 u ∈ H1(0, T ;L2(Ω))∩L2(0, T ;W 2,2(Ω))∩
L∞(0, T ;V )  

!  	 	

	
!
    
 %  
    	 "  	 
 " 	  2  " 
2 γ   A  2  "% 
 
  	 !  	   	 0  (uγ, wγ)  γ > 0  
    ()  	     

uγ(x, 0) = u
0(x), w0γ(x, 0) = F(uγ)(x, 0) = bF u0(x) + Wλ(x,·)(u0(x)) (1)
  (0+)   
u ∈ H1(0, T ;L2(Ω)) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W 2,2(Ω))
 
∂uγ
∂t
→ ∂u
∂t
%'  
 L2(QT )
∂wγ
∂t
→ ∂F(u)
∂t
%'  
 L2(QT )
uγ →u %'  
 L2(QT )
uγ → u 
  
 L2(Ω; C0([0, T ]))
wγ → F(u) 
  
 L2(Ω; C0([0, T ]))
 γ → 0   u         
∂
∂t
(α u + β F(u))−u = f  
  L2(QT ) 
, (1)
   u(x, 0) = u0(x)  	   
 = 	  " uγ 
 wγ % 	   :
  (0)  
   
  

γ
∂2wγ
∂t2
+
∂G(wγ)
∂t
=
∂uγ
∂t
  (1+)
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    "   %8 % 
  C1, C2, . . . 
 2   

  
2
 
 
 
   "  28 	  
2

 " γ 
 
%   6 ;	 
 " () 
∂uγ
∂t

 (1+)  β
∂wγ
∂t
 =   
∫
Ω
(
α
(
∂uγ
∂t
)2
+ β
∂uγ
∂t
∂wγ
∂t
)
dx +
1
2
d
dt
∫
Ω
|∇uγ|2 dx =
∫
Ω
(
f
∂uγ
∂t
)
dx (10)


β
γ
2
d
dt
∫
Ω
(
∂wγ
∂t
)2
dx + β
∫
Ω
∂G(wγ)
∂t
∂wγ
∂t
dx = β
∫
Ω
∂uγ
∂t
∂wγ
∂t
dx. (11)

&	 
 	2 (10)8 (11) 
 	 
 (0)8 %  

α
2
∫
Ω
∣∣∣∣∂uγ∂t
∣∣∣∣
2
dx +
1
2
d
dt
∫
Ω
|∇uγ|2 dx + cG β
∫
Ω
∣∣∣∣∂wγ∂t
∣∣∣∣
2
dx + β
γ
2
d
dt
∫
Ω
∣∣∣∣∂wγ∂t
∣∣∣∣
2
dx ≤ C1.
 
∂wγ
∂t
(x, 0) = 0     " wγ(x, 0)  =  % 	   
 
"% 
   ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
||uγ||H1(0,T ;L2(Ω))∩L∞(0,T ;V ) ≤ C28 (1D)
||wγ||H1(0,T ;L2(Ω)) ≤ C38 (1D)
√
γ
∣∣∣∣
∣∣∣∣∂wγ∂t
∣∣∣∣
∣∣∣∣
L∞(0,T ;L2(Ω))
≤ C48 (1D)

8  2 
8 ||uγ||L2(Q) ≤ C5  =  
    -   "	
 
 u

  ;	
 γn → 0 	 
uγn → u %'   
 H1(0, T ;L2(Ω)) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W 2,2(Ω)) .
>
   
8   
2 
 
 "  	    " 2
 8 %
	  ( ?0@8 52 0)
H1(0, T ;L2(Ω)) ∩ L∞(0, T ;V ) ⊂ L2(Ω; C0([0, T ]))
%  
 
		 
 2  
C 
J   
	 
uγn → u 
  
 L2(Ω; C0([0, T ])) ,
 
 2 	 (2 
  	;	
  " 
)8
uγn → u 	
 "  
 [0, T ] 8   
 Ω . (1)
>
    2  	   ;	 
 (0)8 %   
||uγ − G(wγ)||L∞(0,T ;L2(Ω)) ≤ γ
∣∣∣∣
∣∣∣∣∂wγ∂t
∣∣∣∣
∣∣∣∣
L∞(0,T ;L2(Ω))

  8  %  (1D)8 
  
uγ − G(wγ) → 0 
  
 L∞(0, T ;L2(Ω))  γ → 0 .
I%8    
    
	  
	  wγ → F(u) 8  
  G

 F  
 
		  
 L∞(0, T ;L2(Ω)) 8 
  6
 	
    	
 
% 
8 %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2  ;	
 γn → 0 6-   
 (1) >	     
%  %
  -   "	
 
 w 	 
wγn → w 	
 "  
 [0, T ] 8   
 Ω . (1H)
!
 "8   %  % 	  2       
  

 
     %
 (1H)    
 " (1)  	 
  "% 
 .

        {un}n∈N ∈ C0([0, T ])  
||un − u||C0([0,T ]) → 0  n→∞ .
 0 < an ≤ αn(t) ≤ bn  	   lim
n→∞
bn = 0  " 
{vn}n∈N        	⎧⎨
⎩ αn(t)
dvn
dt
(t) + vn(t) = un(t),
vn(0) = un(0).

||vn − u||C0([0,T ]) → 0  n→∞ .
 <	 βn(t) =
1
αn(t)
. =

vn(t) = e
− R t
0
βn(τ) dτ un(0) +
∫ t
0
βn(s) e
− R t
s
βn(τ) dτ un(s) ds

8 "  t ∈ [0, T ] 8 % 
vn(t)− un(t) = e−
R t
0
βn(τ) dτ (un(0)− un(t)) +
∫ t
0
βn(s) e
− R t
s
βn(τ) dτ (un(s)− un(t)) ds.
K 
% ε > 0   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  $  $AR 8 % 6
 δ > 0  
 n 	 
|t1 − t2| < δ ⇒ |un(t1)− un(t2)| < ε.
 t ∈ [0, δ] % 
|vn(t)− un(t)| ≤ ε
(
e−
R s
0 βn(τ) dτ +
∫ t
0
βn(s) e
− R ts βn(τ) dτds
)
= ε.
K 
% t > δ, 
 
C = sup{|un(t1)− un(t2)|, t1, t2 ∈ [0, T ], n ∈ N}.
=

|vn(t)− un(t)| ≤Ce−
R t
0βn(τ) dτ + ε
∫ t
t−δ
βn(s)e
− R ts βn(τ) dτ ds + C
∫ t−δ
0
βn(s)e
− R ts βn(τ) dτ ds
= ε
(
1− e−
R t
t−δ βn(τ) dτ
)
+ C e−
R t
t−δ βn(τ) dτ ≤ ε + C e− δbn ,

 	 K 1 "% 
K Ω′ ⊂ Ω    " "	 	 ((Ω \ Ω′) = 0 ) 	 8   	 " (1)8
uγn(x, ·) → u(x, ·) 
 	
 " "  x ∈ Ω′  72 
 
% x ∈ Ω′ 6-8 
uγ(x, ·) =: u˜γ(·), wγ(x, ·) =: w˜γ(·).

  " (0) 
F(v(x, ·))(t) = F(v)(x, t) ∀ v ∈M(Ω; C0([0, T ])).
>	      22 K 1   5	 2⎧⎨
⎩ w˜γ = F
(
u˜γ − γ dw˜γ
dt
)
,
w˜γ(0) = F(u˜γ)(0),
(1)
%  % %   ⎧⎪⎪⎪⎨
⎪⎪⎪⎩
γ
dw˜γ
dt
+ v˜γ = u˜γ,
w˜γ = F(v˜γ),
w˜γ(0) = F(u˜γ)(0).
(1)
 
% 
αγ(t) =
⎧⎪⎪⎨
⎪⎪⎩
γ
dF(v˜γ)
dt
(t)
/
dv˜γ
dt
(t)  "
dv˜γ
dt
= 0
γ cF  "
dv˜γ
dt
= 0.
S (0D) %  
 
0 < γ cF ≤ αγ(t) ≤ γ CF .
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8 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  "⎧⎨
⎩ αγ(t)
dv˜γ
dt
(t) + v˜γ(t) = u˜γ(t),
v˜γ(0) = u˜γ(0).
  
u˜γn → u˜ 	
 "  
 C0([0, T ])  γn → 0 ,

  K 18
v˜γn → u˜ 	
 "  
 C0([0, T ])  γn → 0 .
=   
 	
 
  
w˜γn → F(u˜) 	
 "  
 C0([0, T ])  γn → 0 .
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 x ∈ Ω′  
 
   8 %  

wγn → F(u) 	
 "  
 C0([0, T ]) 8   
 Ω  γn → 0 .
 (1D)8
∂wγn
∂t
→ ∂F(u)
∂t
%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 L2(QT ) .
+
=  
 	  2       
  ;	 

∂
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(αuγ + βwγ)−uγ = f.
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